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Abstract 

We study an SU (2) supersymmetric gauge model in a framework of gauge-Higgs unifi- 
cation. Multi-Higgs spectrum appears in the model at low energy. We develop a useful 
perturbative approximation scheme for evaluating effective potential to study the multi- 
Higgs mass spectrum. We find that both tree-massless and massive Higgs scalars obtain 
mass corrections of similar size from finite parts of the loop effects. The corrections 
modify multi-Higgs mass spectrum, and hence, the loop effects are significant in view of 
future verifications of the gauge-Higgs unification scenario in high-energy experiments. 
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1 Introduction 



The standard model (SM) of particle physics successfully describes high-energy experimental 
data. However, the SM involves the theoretical difficulty referred to as "hierarchy problem" : 
due to large quantum corrections, the energy scale of the Higgs potential tends to become 
similar to the cutoff scale of the SM, in spite of the fact that the energy scale should be similar 
to the known electroweak one. This suggests that physics beyond the SM appears near the 
electroweak scale. 

Among several candidates of the physics beyond the SM, unification of gauge and Higgs 
fields, so-called gauge-Higgs unification, is known as a promising idea with the help of com- 
pactified extra dimensions [Hill [3]. In the gauge-Higgs unification scenario, some of the extra- 
dimensional components of gauge fields are identified to Higgs fields at a low-energy regime. 
Phenomenologically viable electroweak Higgs sectors are known to appear with orbifold com- 
pactification of the extra dimensions. An advantageous point of the idea is finiteness of the 
Higgs potential even at some loop levels; hence, the potential is not sensitive to unknown 
ultra-violet (UV) physics, and the scenario gives a reasonable resolution to the hierarchy 
problem. The gauge-Higgs unification scenario has been extensively studied [U El El [7j . In 
addition to the case with fiat compactified extra dimensions, the case with a warped extra 
dimension has been also investigated [8]. The Higgs sector is predictive thanks to the higher 
dimensional gauge invariance. Namely, the scenario predicts light Higgs scalars, which can 
be a key ingredient for the experimental test of the scenario at LHC and ILC. 

One of the most important subjects is to minutely examine the Higgs mass spectrum in 
the gauge-Higgs unification. Several models have been proposed and the mass spectrum has 
been studied. An interesting observation is that multi-Higgs scalars appear in some models. 
The models lead to non-vanishing tree-level Higgs potential which has fiat directions; it has 
revealed that finite radiative corrections to the fiat direction lead to the correct electroweak 
symmetry breaking dynamically 0,110]. The Higgs scalars associated with the fiat directions 
are massless at the tree-level and become massive through the radiative corrections; their 
masses have been studied by the one- loop effective potential [HI |12], or even at the two- 
loop level in a simple model [13]. The other modes among the multi-Higgs scalars, which are 
associated with the non-flat directions, are massive at the tree-level. Loop corrections to their 
masses, however, have not been focused on even though they are crucial to verify the Higgs 
mass spectrum in the models. It is also important to examine the spectrum in detail for the 
experimental test of the scenario. 

In addition, the loop corrections to the non-flat directions are considered to be signiflcant 
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for determining the vacuum structure of the multi-Higgs potential. If the corrections are 
taken into account, then vacua deviated from the flat directions of the tree-level potential 
may appear. Clearly, such a vacuum structure cannot be studied when one focus only on 
the loop corrections to the flat directions. Thus, to reveal the correct vacuum structure of 
multi-Higgs models, the loop corrections to the non-flat directions should be incorporated. 

In this paper, we study the multi-Higgs mass spectrum based on one-loop effective po- 
tential in a simple 5D model. We take bulk loop corrections into account for all the modes 
of the Higgs scalars: we study not only the loop corrections for the Higgs scalars along the 
fiat direction of the tree-level potential, but also the ones for the Higgs scalars along the 
non-flat direction. As mentioned above, in the past studies, the latter has not been focused 
on though it is important. In our analyses, it is found that the one- loop corrections involve 
an UV divergence, which is proportional to the tree-level potential and is renormalized. The 
one-loop corrected multi-Higgs mass spectrum is derived through the effective potential after 
eliminating the divergence. It turns out that both the tree-massless and massive Higgs scalars 
have mass corrections of similar size from finite parts of the one-loop effects. Consequently, 
the loop effects modify multi-Higgs mass spectrum and are significant in view of verifications 
of the scenario in high-energy experiments. 

The outline of the paper is as follows. In Section O an overview of multi-Higgs mass 
spectrum in the gauge-Higgs unification scenario is presented. In Section [HI we examine 
the one-loop corrected multi-Higgs mass spectrum in a simple 5D model. A perturbative 
calculation of the effective potential is developed to estimate the loop corrections. Summary 
and future perspective are given in Section HI In Appendix |Al field dependent operators that 
are needed to evaluate the effective potential in the model are presented, and Appendix [B] 
provides the evaluation of loop momentum integrals with the summation of Kaluza-Klein 
(K-K) modes. 

2 An overview of multi-Higgs mass spectrum 

In this section, an overview of the multi-Higgs mass spectrum is given. An interesting obser- 
vation is that multi-Higgs scalars are predicted in some models of the gauge-Higgs unification. 
Models with two extra dimensions compactified on the orbifold T"^ /Z2 are illustrative exam- 
ples; at a low-energy regime, the two extra dimensional components of a 6D gauge field behave 
as a pair of scalar fields, those are identified as two Higgs scalars [9]. It is also known that 
there appear multi-Higgs scalars in the 5D models with supersymmetry (SUSY) [101111]. Due 
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to the SUSY, a real scalar field is accompanied by a extra dimensional component of 5D gauge 
field (and a Weyl fermion) to form 4D M = 1 chiral superfield [15]; two Higgs scalars hence 
appear at low energy. 

In the above models, the low-energy effective theory has a tree-level Higgs potential, where 
flat directions appear. Among the Higgs scalars, a mode, which corresponds to a fiat direction 
and is a part of the zero modes of the extra dimensional component of the gauge field, triggers 
off the electroweak symmetry breaking. Quantum corrections to the fiat direction determine 
the physical vacuum of the theory in terms of the non-zero vacuum expectation value (VEV) 
of the Wilson line phase degrees of freedom. Such the dynamical gauge symmetry breaking 
is known as the Hosotani mechanism [3]. 

We refer to the Higgs scalar that is the relevant mode to the symmetry breaking as the 
Symmetry-Breaking (SB) Higgs hereafter. The SB Higgs is identified as a zero-mode of extra 
dimensional components of gauge fields. In addition, gauge fields, non-SB Higgs scalars and 
K-K modes generally appear. The one-loop effective potential that takes account of only the 
SB Higgs background has been studied; the correct dynamical electroweak symmetry breaking 
has been shown to occur through the VEV of the SB Higgs [9l [TO] . 

After the symmetry breaking, there appear the massive gauge fields, whose mass scale 
Mw should be much smaller than the typical mass scale of the K-K modes, 0{1/R), where 
R is the radius of a compactified dimension. In the 5D case, for instance, the mass of the 
gauge boson is typically given by a/i?, where a is the VEV of the Wilson line phase degree 
of freedom. The phase is related with the SB Higgs as a = 27igR{a) (mod 2tt), where g is the 
5D gauge coupling and a is a classical background of the extra dimensional component of the 
gauge fields, namely the SB Higgs. Some of the non-SB Higgs scalars also have interaction 
between the SB Higgs in the tree-level potential and have masses of 0{a/R). Since the K-K 
modes should be sufficiently heavy, a realistic vacuum satisfies a <^ 1 and such a vacuum is 
dynamically realized with an appropriate choice of the bulk matter fields as discussed in the 
literature [TO] . 

The SB Higgs has no mass term in the tree-level potential; the mass arises from the one- 
loop effective potential. The SB Higgs tends to be lighter than the massive gauge fields due 
to the loop suppression factor, which is inconsistent with the experimental bounds of Higgs 
searches [16]. A phenomenologically viable SB Higgs mass, however, can be realized through 
enhancement mechanism, as shown in [11], [121 IE] ■ 

The loop corrections to the masses of the non-SB Higgs have not been frequently discussed 
in the gauge-Higgs unification. The large one-loop mass correction to the SB Higgs mass 
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implies that there also appear 0{My/) or larger one-loop contributions to the non-SB Higgs 
masses. The corrections are not suppressed rather than the tree-level masses of the non-SB 
Higgs, and thus are expected to give important effects on the multi-Higgs mass spectrum. 
In order to see this explicitly, we examine the one-loop corrections and multi-Higgs mass 
spectrum in a simple model. 



3 Multi-Higgs mass spectrum in a 5D SUSY model 
3.1 Setup 

In this section, we consider a 5D SUSY gauge theory, where the fifth dimension is assumed to 
be compactified on the orbifold jZ^ and a multi-Higgs spectrum at low energy is predicted. 
On the orbifold, a point of the fifth dimensional coordinate y is identified with other points 
by the translation, \J\y + 27ri?] ~ ?/, and the reflection, Po[— ~ V- Combining them, one 
can define another reflection operator Pi = t/^^Po; then vrP — y and vrP + y are identified 
by the reflection Pi[7rP — y\= t^R + y- Since the points y = 0, ttP are invariant under the 
reflections respectively, they are called orbifold fixed points. 

The vector multiplet V in the 5D SUSY theory can be decomposed into a 4D chiral 
superfield $ and a real vector superfield V as follows: 

V = [A^M.rfr.rf^.^^) ^ ll ^ a. (3-1) 

where M = {fi,y) and A1^, ri^2 are the 5D gauge field, Majorana spinors and a real 

scalar, respectively [15]. The subscript a denotes the index of the adjoint representation of 
gauge group. The Lagrangian of the 5D SUSY theory is given as follows [T8] : 



£ = Tr 



(3.2) 



where g is the five dimensional gauge coupling constant and the Gamma matrices are defined 
by (r'^,r^) = (7'^,i7^). The field strength and the covariant derivatives are defined by 



MN 



OmAn - On Am - ig[AM, A^], Dm(I) = dM(p - ^9\Am-, 0], (3.3) 



where implies fields in the adjoint representation. Fermions Aj [i = 1, 2) are symplectic- 
Majorana spinors; they are written by 
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where eij is antisymmetric with ei2 = 1 and cr^ is the Pauh matrix in the spinor space. It is 
known that the Lagrangian (13.21) has a global symmetry, called SU{2)^, and the symplectic- 
Majorana spinors are transformed as doublets under the symmetry. 

One can introduce bulk hypermultiplets in the theory. The Lagrangian is written as 
follows [18]: 

a,m 

+i,{{r''DM - g^)i' - {igV2ij(t)iK + h.c), (3.5) 
{Dm<PT = {^MS"^-^9Al,{t'^^r^)<P^, (3.6) 

where 0j {i = 1, 2) are complex scalars, ip = {4>l, is a Dirac spinor, is the representation 
matrix of 0, and r™ (m = 1, 2, 3) are SU {2)r generators. 

The geometry /Z2 requires us to choose the boundary conditions for the fields: each field 
can have non-trivial transformations under the translation U and the reflections Pq and Pi in 
such a way that the Lagrangian is invariant. Let (p{x, y) be a general field in a representation 
space of the symmetry of theory. Transformation law of the field is defined by 

C[^ix,%[y])] ^ C[U^[7lMx,y)l (3.7) 

where % = {U, Pq, Pi}. The operator U^[Ti\ acts on the field in its representation space. The 
transformations of the coordinate satisfy 

P^ = Pi = 1, f/Pof/ = Po, Pi = f/-^Po, (3.8) 

where 1 denotes the identity operation. Corresponding to (13. 8p . transformations of the field 
should be chosen to satisfy the following set of constraints in order to keep the consistency of 
the translation and parity operations: 

U^[P^f = U^[Pif = 1, U^[U]U^[Po]U^[U] = W^[Po], U^[Pi] = U^[Ur^U^[Po]. (3.9) 

The transformation law is referred to as the boundary condition of each field |19j. Using the 
last equality of (13. 9p . one can read the boundary condition of the parity Pi from those of 
U and Pq. The gauge symmetry of the theory can be broken through non-trivial boundary 
conditions. It is also known that the remaining M = 1 SUSY is explicitly broken with twisted 
boundary conditions for the SU{2)r doublets and we adopt this mechanism, the so-called 
Scherk-Schwarz SUSY breaking [20] . 
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In the following, we examine a simple toy model where the multi-Higgs scalars appear at 
low energy. The original gauge symmetry of the theory is assumed to be SU{2)] the symmetry 
is explicitly broken to U{1) by the particular boundary conditions which satisfy (13.91) : for the 
5D vector multiplet, we take 

A^{y + 2'KR) = A^{y), A^{-y) = nA^iy)^, 
Ayiy + 27rR) = Ay{y), Ay{-y) = ~nAyiy)T3, 
E{y + 27rR) = = -nJ^iy)^, 

V2J \sm{27v(3) cos(27r/5) JymJ^^^' 

"■^ ' V) = ( TT! ) iv), (3.10) 



^r]2j \-r3ri2T3 
and for the hypermultiplets, we take 



' {-«) = 'IP ( Triff 1 (y). (3.11) 



where Ts {%p[t^]) is the diagonal generator of the SU{2) gauge symmetry in the fundamental 
representation (in the representation of cj)). Additional parities of each hypermultiplet are 
incorporated by rju and r/p; they must be 1 or —1 in order to satisfy the consistency con- 
ditions (13. 9p . As mentioned above, we introduce the Scherk-Schwarz SUSY breaking with a 
parameter /5 in a general form: if sin(27r/5) 7^ 0, then the residual M = 1 SUSY is broken and 
there appears 0{[3/R) (mod mass splitting between bosonic and fermionic states in the 
theory [21j. With the boundary conditions (I3.10p and (13. lip , among the gauge bosons only 
A^^ has massless zero mode, and it corresponds to the 4D gauge boson of the residual U{1) 
gauge symmetry. 

There appear four real scalar zero-modes, that is, Higgs scalars from the 5D vector mul- 
tiplet (13.11) under the boundary conditions (I3.10p . We regard them as classical backgrounds 
of the theory and take the substitution in the Lagrangian (13.20 and (13.60 : 

^a=i,2(^M) ^ A^=''\x^') + aa=,,2, T.^=''\x^') S»=i'2(x^0 + cra=i,2, (3.12) 
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where and aa are the classical backgrounds. Except for the backgrounds, any fields in 
the theory are referred to as fiuctuations. Among the backgrounds, ai and 02 have Wilson 
line phase degrees of freedom and evolve non-trivial VEVs through quantum corrections [H] . 
Using the residual U{1) gauge transformation, one can freely rotate the direction of the VEVs 
in the field space spanned by ai and 02- We take a2 as the SB Higgs field in the analyses. 
Then, oi is eaten by the longitudinal mode of the zero-mode of the U{1) gauge field after the 
symmetry breaking. The other physical Higgs modes, o"i and cr2, are the non-SB Higgs. 

With the substitution (13.121) in the Lagrangian (13.21) . the square of the fifth dimensional 
covariant derivative of S yields the classical potential of the theory: 

2 2 3 

T/ ^ \^ ^ „ „ „ racdea'c'd 

Vtvee = Y 2_^aaaa'(^c(^c'J J 

a,a' ,c,c'=l d=l 

= Y (-0-201 + a2(Ti)^ (3.13) 

where f"'^'^ is the structure constant of the SU{2) gauge symmetry. If the SB-Higgs is ex- 
panded around a VEV as 02 = ^2 + ('^2); then the potential involves mass term for ai, which 
corresponds to the Higgs scalar associated with the non-fiat direction of the potential. As 
mentioned above, ai is eaten by the longitudinal mode of the residual U{1) gauge boson. The 
other backgrounds, 0,2 and 0-2, are massless at the tree- level. 

The backgrounds in (13.121) mix with each other through the residual U{1) gauge trans- 
formation. It is useful to turn to a new basis where Higgs fields are eigenstates of the U{1) 
gauge symmetry; with the following reparametrization, the classical backgrounds form a pair 
of complex scalars: 

riu = ^(^fli + ^2 + cTi - 20-2), Ud = ^{-iai + a2 - cri - ia2) , (3.14) 

where they have opposite charge of the U{1) gauge symmetry. We refer to riu^d as up- and 

down-type Higgs scalars. In this basis, the tree-level potential (I3.13P takes a clearer form as 

2 

= (3.15) 

D = -0-201 + a2(Ti = - In^p. (3.16) 

The form of the tree-level potential is constrained by the symmetries of the theory: it corre- 
sponds to the D-term potential of the residual U{1) gauge symmetry in terms of A/" = 1 SUSY 
theory [T5]. The fiat directions lie along D = 0. If a linear term of D is incorporated in the 
theory, non-zero VEV of the D-term is realized and the SUSY is spontaneously broken |22j . 
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3.2 Perturbative evaluation of the effective potential 

In this subsection, we estimate the one-loop effective potential including all the modes of the 
Higgs scalars. The calculation is carried out with a straightforward way; at first we adopt K-K 
mode decomposition of all the fluctuations, and the fifth-dimensional coordinate is integrated 
out in the action. Then, we obtain the effective 4D theory and can estimate the functional 
integral with infinite towers of the K-K modes. As a result, contributions to the effective 
potential generally written by 

5V = Vlndet[AoB + mBAiB + A2b] 

K-K 

+ 52l^det[AoF + m^Ai^ + A2f], (3.17) 

K-K 

where the determinants are taken over the 4D momentum space and representation space of 
the SU{2) gauge symmetry. The first (second) line corresponds to the contributions from 
bosonic (fermionic) fluctuations. In the determinants, we take Aob,f = (□ + ttl'^b f) ' 1 such 
that p are independent of both the gauge coupling and the classical backgrounds, where 1 
means identity matrix in representation space of the fluctuation fields in internal loops. The 
operators, Ai and A2, are of order and g'^, respectively. They also take forms of matrices in 
specific representation space. The overall factor, Nb(f), counts the bosonic (fermionic) degree 
of freedom in the internal loops. 

If the eigenvalues of the operators are analytically obtained, then the functional deter- 
minant and the K-K mode summation may be directly evaluated. This is actually the case 
where one focuses only on a particular background of Wilson line phase degrees of freedom 
and the other backgrounds are set to zero. When one chooses 02 7^ and ai = ai = a2 = 
for instance, a part of the contribution typically evaluated as follows [101 EH [lH [13 [23l 



2ttR J (27r)4 



,4 00 

dpE ^ 1^ 



n= 



n + 



gRoA' 



R J 



3 >^ cos{2'KgRwa2) , . 



ui=l 



where p^; is the Wick- rotated momentum and the background independent term is discarded 
in the right-hand side. The Wilson line phase degree of freedom a = 2'KgRa2 (mod 27r) 
appears in the cosine function. For a small value of a <^ 1, K-K modes are sufficiently heavier 
than the weak scale, and one can approximately evaluate the summation as 



t ^ . C(5) - f^a^ + ^ (25 - eloglal) + O(a'). (3.19) 



10 = 1 
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where ({s) is the Riemann zeta-function. The approximate expansion have a logarithmic 
singularity with a — > 0; it implies the infra-red (IR) divergence of the zero- mode propagator 
in internal loops. A finite VEV of a gives non-zero masses of the zero-modes and thus the 
singularity disappears. 

When one includes the general background fields fl3.12p . it is difficult to obtain all the 
eigenvalues and/or to carry out the summation as above. Here, we evaluate approximate 
forms of contributions to the effective potential as in fl3.19p . Functional determinants in (13.171) 
have a perturbative expansion of the gauge coupling and the background fields: 



lndet[Ao + mAi + As] 



lndet[Ao] + ^ 



-1) 



/ 



-Tr 



mAi + Aj 
A^ 



(3.20) 



where A^ is O^i^griu^Y). In the following analyses, we focus on the potential up to 0{{gnu^dY) 
and the higher-order corrections are neglected. This is valid if the typical energy scale of the 
classical backgrounds are much smaller than the compactification scale, namely 27iRgnu,d ^ 1, 
which is consistent with phenomenological constraints as argued. In this case, it is sufficient 
to estimate the first few terms of the Taylor-expansion (I3.20p as long as there is no IR 
singularity of the propagators in the internal loops. The IR singularities, Aq = 0, generally 
exist only in the contributions from zero-mode loops, and thus one needs to carry out the 
summation in (I3.20p . With this in mind, we perform a perturbative expansion of the functional 
determinant up to (9(((7r;,„ ,^)^) as follows: 



lndet[Ao + mAi + Ag] 



lndet[Ao] + Tr 



lndet[Ao] +i 



As 
Ao 



d^PE 



1 f m^Aj 
2 



m^AfAs 



A3 

^0 



1 fm'^Af 

^0 



+ (IR div.) + Oiign^, 



(27r)4 [ [pI + 
Tr[-^A^] + 



rTr[A2 



-^Tr[--A?] 



m 



[p\ + m 



213 



TriA^As 



m 



[p\ + m?Y 4 
+ (IR div.) + 0{{gnu,df) 



(3.21) 



where possible contributions from the IR divergences are implied. In the present case, terms 
with odd order of Ai have odd orbifold parity and vanish. To proceed the perturbative 
calculation, one should reveal explicit forms of the operators in the functional determinant of 
each K-K mode. 
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3.2.1 One-loop correction from the vector multiplet 



We start to evaluate the one- loop correction from the 5D vector multiplet. As argued, we 
derive the effective 4D Lagrangian and then the functional integral is performed with the 
perturbative expansion fl3.21l) . Let us introduce a gauge fixing function: 



1 

7! 



(3.22) 



where ^ is a gauge parameter. The gauge fixing is regarded as an extension of the well-known 
4D gauge; gauge fixing terms and ghost Lagrangian are thus introduced as 



60" 



c . 



(3.23) 



^gf = --CG", Cgh = g\^c°- 
Now the quadratic parts of the Lagrangian with respect to the fiuctuations are written by 

+ '-X1iV,rXl + '-K{V^Y'\l + Mothers. (3.24) 

In the above expression, the background dependent operators {T>) are written by 



-[a- ^d'^]6'"' + 2gir''a,dy + ig' r'" \a,ay + a,<yy 
-[□ - eSj]^- + 2gir''a,dy + g'r''f''\ia,ay + a,ay 
-[□ - + 2gr'''^a,dy + g^ f'' \a,ak' + ia^ay), 

V^'dM5'''-gr'\i^''a, + ak), 



(3.25) 



where □ denotes the four dimensional D'Alambertian operator. In fl3.24p . mixing between 
fiuctuations Ay and S appears as follows: 

Mother. = g{i - l)A;r'''a,dyJ:' - g^Al [r^f'^'a.ay + r'^f^'^a^ay - ia.ay)] S^(3.26) 

The above forms are simplified with ^ = 1 and we adopt this specific choice of gauge fixing 
in the analyses^] 



^ A factor in (|3.26p was misread in ref. [14] ; the results of the analysis do not depend on the factor when 
one focuses only on the particular backgrounds of flat directions. 
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With the boundary conditions (13.101) . K-K decomposition of the fields in the vector mul- 
tiplets is written as follows: 



1 1 oo /(^ry 




ny 

cos ■ 



rjf{x,y) 
r]i{x,y) 




;'^V'2(x)sin(f) 
(r/("V''(a^)cos(f) 



i"V(^)cos(f) 
(r/("))3(x)sin(f) 

Using the K-K decomposition, one can easily carry out the y-integral in the action from y = 
to y = 2ttR. Then, the obtained 4D Lagrangian includes infinite towers of K-K modes in 
addition to the zero modes. 

One can readily derive the contribution to the effective potential from the quadratic terms 
of the 4D effective Lagrangian. The contribution depends on the SUSY breaking parameter 
P, and is written by 

5Kec(/3) = ^^lndet[Ao(A(°)) + A2(4°))] 



-24-2°° 



n=l 

+ ^^lndet[Ao(g(°)) + A2(g(°))] 



-t 2 °° 



2nR2 



^lndet[Ao(g(")) +m[j)Ai(g(")) + A2(g(") 



n=l 
oo 



J2 lndet[Ao(A(")) + mf Ai(A(")) + A,(A("))], (3.27) 



ra=— oo 



where g*-"-* = S*^"-' + iA^\ and the fermionic fluctuations are implied by A''"^ The operators 
Aj((y9) denotes the contribution from a fluctuation to Aj and is deflned in Appendix Rl 
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Masses of the bosonic K-K modes, A^^^ and Q^'^\ are the same as m^^^ = rriQ^ = n/R, on 
the other hand, the fermionic fluctuations have mass corrections through the Scherk-Schwarz 
SUSY breaking. Non-zero modes of rj^'' and r/g""* mix with each other due to K-K masses 
arising from y-derivative in the kinetic terms; they are rearranged into mass eigenstates, which 
are formally written by n > 1 and n < — 1 modes of the masses m^"^ = [jS + n]/ R. Combining 
the zero-mode contributions, all the contributions from fermionic fluctuations are written by 
the summation over — oo < n < oo. 

Let us now evaluate the contribution to the effective potential up to 0{{gn^^d)^) via the 
perturbative expansion. In f l3.27p . we rewrite the functional determinant by the approximate 
form of ( 13.2ip and obtain the expression as 

,l3 + 77-21 



SKeM 



3 

2^ 



^ Indet 



[□ + in/RY] - [□ 



R 



+^[l,0,;3](V5) + J'l2,l,f3]{-^g^S + T)) + ^[2,0,;3](-V5') 

d^PE 1 



2t^R 



2tiR 



oo 

-Y 



/=3 

oo 



2'kR ^ 

f=3 



1 



27iR 



E 

/=3 



/ 
/ 



27rRj (27r)Mp|]^ 
d^PE 



-2g-D-') 



d^PE 1 
(2^)^ [PIV 

d'^PE 1 
(2vr) 



{2g'Sy 



i2/ 



2\f 



(3.28) 



where the Higgs fields 71^4 are expressed in terms of the combinations 



S 



T = HuUd + h.c. 



and D in f l3.16p . These combinations are invariant under the residual U{1) gauge transfor 
mation. Loop functions including the K-K mode summation are defined by 

1 



x,m,l3] 



C[x,m,l3] 



2-kR 

00 



C[a;,m,0] C[x. 



m,l3] 



d'pE (^)^" 

(2vr)4 [pI + 



where evaluation of the functions is shown in Appendix [B 
except for A/" = 1 SUSY limit, that is 5/3^o,o = and (5/3=o,o 



(3.29) 
(3.30) 

The last term in fl3.28p is zero 
1, up to 0{{gnu,dy). 
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Several points should be clarified in fl3.28p . The first line contributes to vacuum energy and 
is independent of the Higgs fields. We neglect the irrelevant constants hereafter. The second 
and third fines include the loop functions J^[x,m,0\- As shown in Appendix [Bl the loop integrals 
with K-K mode summation can be divided into two parts: one is an UV divergent integral 
which respects the 5D Lorentz invariance and the other is a finite correction which violates 
the invariance. An observation is that the UV divergence does not depend on the parameter 
/? and thus respects SUSY. On the other hand, the finite corrections depend on the SUSY 
breaking effects. Hence, the divergent contributions from bosonic and fermionic fiuctuations 
are canceled out in the functions J^[x,m,/3]5 and only UV finite contributions remain^ 

The fourth line also includes loop integrals. The UV divergent contributions of the terms 
proportional to are found. The UV divergence of the first term is 5D Lorentz invariant 
and can be realized as a bulk term. On the other hand, the second term explicitly violates the 
5D Lorentz symmetry and is considered as the divergence localized at the fixed points of the 
orbifold [2S]. Again these UV divergences respect SUSY. Such the divergent contributions 
are known to exist in / Z2 exact SUSY theory and can be renormalized in a supersymmetric 
fashion [26]. We here focus on the SUSY breaking contributions; the divergence are simply 
subtracted and a regularized quantity is defined by AVvec = (^Kccl/?) — (^KeclO). Thereby, 
the one-loop corrections are written by finite contributions which break both SUSY and 5D 
Lorentz symmetrylll 

The last three lines of fl3.28p are the contributions from possible IR divergent massless 
propagators of the zero-modes. With a suitable regularization of the worse IR behavior, one 
can extract the IR singularities and finite contributions to 0{{gnu,d)'^) terms. Notice that the 
IR singularities are also involved in C[2,o,o]- Non- vanishing VEVs of the Higgs fields provide 
the physical cutoff of the IR divergences and the singularities are canceled out in the final 
expression as seen below. 

Using the explicit evaluation of the loop functions in the Appendix [HI one leads to the 
one-loop contribution to the effective potential. We focus on the case with /5 7^ 0, then the 
contribution is written as follows: 



w=l 



+ — I - 19^2 - 8Sr + 2r2 + 3^)2 + 65^ In 
3 ■ QA-n-^R 



{27TRf2g^S 
4sin2(7r/?) 



, (3.31) 



^ For CTi = (72 = 0, the divergences disappear in each of the bosonic and fermionic contributions. The 
divergences are related to E"'^'^ which are just scalar fields and are not protected if SUSY is not there. 
II Renormalization procedure may bring higher order contributions 13] and is left for future studies. 
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where we discard the contribution to the vacuum energy as stated. The last logarithmic term 
includes the Higgs fields, so that a non-zero Higgs VEV correctly provides the physical cutofi^ 
of the IR divergence of the effective potential [27] . 

The result precisely reproduces the evaluation in the fiat limit where the classical back- 
grounds are set zero except for a mode corresponding to a fiat direction of the tree-level po- 
tential (13.151) . namely the SB Higgs. One can choose a = 27rgRa2 7^ and ai = cri = (J2 = 
for instance, then the one-loop potential takes 

ATT — 6 f sin^(7rw/?) n f ^ ^, [ 11 1 

AKec ^ - > V— + 25-6 n ^- — - }. (3.32) 

647r7i?5\ ^3 ^ 288 4sin2 7r/3 J ^ ' 

This is actually realized as the expansion around a <^ /5 < 1 up to 0{a'^) of the well-known 
one-loop correction [23], El] : 

= M^E^d— P™''))- (3-33) 

w=l 

3.2.2 One-loop correction from bulk hypermultiplets 

Let us discuss loop corrections from bulk hypermultiplets. Since the evaluation is carried out 
in a similar way as the vector multiplet, we briefiy summarize the result here. For simplicity, 
we only introduce the fundamental representation in the analyses; generalization to the other 
representation is straightforward. 

Since the hypermultiplets may involve chiral fermions in their zero-modes, a gauge anomaly 
of the residual U{1) gauge symmetry generally appears [28]. The zero-mode contents depend 
on the parities rju^p in the boundary conditions (13.110 . Non-zero contribution to the anomaly 
actually emerges from the loop effects of a massless chiral fermion in the rju = +1 hyper- 
multiplet. To evade the awkward case naively, we introduce pairs of {rju^Tjp) = (+1, +1) 
and {rjUiTip) = (+1, —1) multiplets in the following analyses. Then, the fermion zero-modes 
always form vector-like pairs and the anomaly is canceled out in the contributions from each 
pairo For r]u = —1, though there are no massless zero-modes, anomalies localized at both 
the fixed points with opposite sign are induced. They are canceled out after the integration, 
but cause inconsistency in the full 5D theory without the help of some cancellation mecha- 
nisms. We here simply introduce pairs of {rju^rip) = (—1, +1) and (—1, —1) to cancel the 
anomalies, as the above treatment of rju = 1. 



** A divergent tadpole of the residual U{1) D-term, which is known to localize at the orbifold fixed point [5| 
I29[I30| . is found in each loop contribution from the hypermultiplets. The tadpole contributions from (77^/, rjp) = 
(+1, +1) and {riif,rip) = (+1, —1) hypermultiplets have opposite sign and are canceled out as the anomaly. 
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With the parity assignments, one can derive K-K expansion from (13.111) and 4D effective 
theory is obtained by carrying out the y-integration of the 5D Lagrangian (13.61) . where the 
substitution (I3.12p is understood. The quadratic terms of the fluctuations in the Lagrangian 
yields one-loop contributions to the effective potential from the bulk hypermultiplets: 

5V^yM = lndet[Ao(0?^)+m(">i(0(")) + A,(0("))] 



'27iR 2 



27tR 2 

n=l 

-i 2-2K °° 



lndet[Ao(V^(°)) + A2(^f )] + lndet[Ao(V^(°)) + A^i^P)] 

oo 

^lndet[Ao(V^f ) +mJ;)Ai(V^(")) + A2(^("))] 



^2^-^ E lndet[Ao(0L"))+mJ:)Ai(0W) + A2(0("))] 



n=— oo 
oo 



+ ^^^El^det[Ao(^i")) +m(")A,(V^W) + A2(V^("))], (3.34) 

n=l 

where implies the bosonic (fermionic) fluctuations. The operators Aj(y9) and the masses 
m[p^ in the functional determinants are listed in Appendix 1X1^1 Note that, in contrast to the 
vector multiplet, bosonic fluctuations have the Scherk-Schwarz SUSY breaking masses in the 
hypermultiplets. Non-zero modes of 0i and 02 mix with each other, and then the contributions 
from the bosonic fluctuations are collected into the summation over — oo < n < oo. 

The functional determinants are evaluated in the same way as the case of the vector 
multiplet. With a non-zero value of /?, the one-loop contribution up to 0{{gnu,d)^) is obtained 
as 



12 ■ 647r3i?\ 



195^ - 8ST + 2T' + 6^' In 



{27TRyg^S/2 



4sin'(7r/5) 

-2iVV ,^ 4(-l)-sin^(7rw/?) ,^^ , , N^g^S\ . , . 
"64^ E -s + ^) + 1- H m ■ (3-35) 

w=l 



In the present case, eigenvalues of the operators are analytically obtained due to the simpleness of the 
SU (2) fundamental representation. Thus, one may try to directly evaluate the functional determinant rather 
than the perturbative calculation (|3.2ip . It is, however, difficult to carry out the K-K mode resummation. 
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As the case with vector multiplet, the flat hmit is taken as 
6-2N< 



AVy 



hyp 



6 ■ 2N_ 



647r7i?5 



w=l 
oo 



288 



Asm\Tif3) 



UI = 1 



(3.36) 



This corresponds to the expansion of the known forms of the following potential around 
a < /5 < 1 up to 0{a^) [231 



(flat) 



hyp 



6 ■ 2N+ 
647r7i?5 

6 ■ 2A^_ 
^647r7i?5 



cos(a;w/2) 



1 — cos(27rw/3)) 

cos((«/2 - 7r)w) 
> ^ (1 - cos(27ru;/3)). 



10 = 1 

oo 



(3.37) 



w=l 



3.3 One-loop Higgs potential and mass spectrum 



We examined the bulk loop contributions to the effective potential in the previous subsec- 
tion. Then, the approximate forms of the potential (13.311) and (13.351) . which involve all the 
background of the scalar zero-modes, are explicitly obtained up to 0{{gnu4)'^)- The potential 
should be regarded as low-energy effective Higgs potential. In this subsection, we proceed to 
study the vacuum and mass spectrum using the effective potential. 

In order to make the discussion clear, we introduce the 4D normalization as 



9c 



gL 



-1/2 



n. 



I.-'-' -I 



hr, 



rid 



LVtree, = L( AKec + A^hyp) , 



where L = 2'kR, is 4D dimensionless gauge couphng and h^^ are up- and down-type Higgs 
scalars in the canonical normalization. From (I3.15p . (13.311) and (13.351) . the Higgs potential is 
derived as follows: 



7r2 {2'KRf 
247r2\ 



2 2 ^ 



[2{\K\^ + \hd\^) + [huhd + h.c. 



19(|/iJ 



|2\2 



K\hu? + \hd\^){huhd + h.c.) + 2{Khd + h.c.)^ 



+?>{\K\-\hd\y + Q{\KV + \hd\y\n 



{\hu? + \hd?) 
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Figure 1: The values of Ct and Cg as the functions of /3. 



where 
C 



8 247r2 



l%\huY + \hdVY - K\huV + \hdV){Khd + h.c.) + 2(/i„/i, + h.c.) 



{\hu? + \hd?) 



4C 



fiTV 



8 247r2 



(3.38) 



«)=i 



sin^(7riy/3) 



10 = 1 



-l)"'sin2(7rw/5) 



2 sin^ (tt/?) 



The numerical factors and are displayed in fig. [T] as the functions of (3. 

The effective potential (13.381) is invariant under the replacement between and /i^. There- 
fore, the field space which satisfies = always becomes stationary against the variation 
corresponding to the mode of the non-fiat direction, 7^ h^- We thus focus on minima along 
the fiat direction in the present analyses; if there is no tachyonic mode around the minima, 
the stability of the minima is locally ensured. The Higgs scalars are expanded around the 
minimum as 



1 / 



1 



hd = -^{vh + rd + iiTd), 



(3.39) 



where Vh is the Higgs VEV taken to be real positive, and r^^d and tTu^ are real scalars. The 
VEV Vh represents the Wilson line degree of freedom: a = \/2gcLvh- Thus, the value of 
Vh is dynamically determined through the effective potential (13.381) . as seen below. With a 
non-trivial value of f/j, the residual U{1) gauge symmetry is broken and the zero-mode of 
acquires the mass of = {2gcVhY ■ 
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We now focus on the physical Higgs mass spectrum. At the tree-level, the four real scalars 
and vr^, ^ are rearranged as the mass eigenstates: 

1 , , ..1 



h 
A 



V2' 
1 , 

71 



rd 



H 



(-r„ + rrf), 



1 



G = --j={-7Tu + VTd), 



(3.40) 



where h and H are the CP-even Higgs scalars, A is the CP-odd Higgs and G is the mode 
eaten by the massive gauge boson. In terms of 5D language, h, H, A and G correspond to 
the zero-modes of 02, (Ti, o"2 and ai, respectively. Using fl3.39p in V^^, we observe that only H 



have the non-zero mass as 



My^r and the others are massless at the tree-level. 



Since the one-loop potential lifts up both the flat and non-flat directions, all the Higgs 
masses are corrected. As long as the Higgs VEV lies along the flat direction, even at the one- 
loop level, mass eigenstates of the Higgs fields are same as fl3.40p . Putting the expansion (13.390 
into Vil, the one- loop mass corrections are defined by 



6171 < = 



where = if, A, G}. The mass corrections to the physical Higgs modes are found to be 



2 r 



5ml 



(2 - N^)Cl 



N_C^ + — 



+24 In 



a 



4 sin' (71(3) 



9N+ - 72 + 3N_ In [cos' {71 P)] 
3N. In 



a 



_16sin2(7r/?) 



w 



27r2a2 



(2- A^. 



0C+ - N.C^ + _ J 9iV+ - 48 + 3N_ In [cos'i7if3)] 



+24 In 



a 



_4sin'(7r/5) 



3Ar, In 



a 



16sin2(7r/5) 



,(3.41) 



Sm^A 



w 



27r2a2 



2 ( 

(2 - N+)C+ - N.C^ + ^l9N+-72 + 3N_ In [cos'{7if3)] 



+24 In 



" «2 - 




" a' ' 




- 3N+ In 


11 


4 sin' {it (3) _ 


.16sin2(7r/?)_ 





where we use the notation a = \/2gcLvh- A simple relation Sm\ = 5ml/ 3 is observed. In the 
present case, the CP-odd Higgs A always becomes lighter than the SB Higgs h\ this may be 
affected by the introduction of matter multiplets in larger representations. 

It should also be mentioned that the terms proportional to and appear as the 
particular combination, (2— A^+)C^— A^_C^, in all the mass corrections (13.411) . up to the overall 
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factors. These contributions come from 0{{gjiu^d)'^) part of the effective potential (13.381) . As 
argued below, in order to obtain realistic vacua (a <^ 1), coefficient of the quadratic part 
of the potential should be suppressed. This requires (2 — N^)Cp — N_Cp ^ 1 in the SB 
Higgs mass 5m\. Such the cancellation occurs simultaneously in 5m\ and drn^j in the present 
analyses. The situation however may not be generally realized; if one adds matter multiplets 
in larger representations or considers models with larger gauge groups, then the cancellation 
may no longer occur in mass corrections of some of the non-SB Higgs scalars. In such cases, 
some of the non-SB Higgs masses could be enhanced compared to the SB Higgs mass through 
corrections from C((5'c^M,d)^) part of the potential. 

One can read the stationary condition of the potential from 5m?Q = 0, which yields 



3(2 - iV+)C, 



96 



+24 In 



lliV+ - 88 + 3A^_ In [cos^(7r/3)] 



a 



4sin'(7r/3) 





■ a2 




- 3iV+ In 




1 


_16sin2(7r/3)_ 





0, (3.42) 



for a 7^ 0. Using (13.421) . one can eliminate the logarithmic terms in (I3.4ip and simplify the 
expressions as 



?,glM, 



w 



27r2a2 



a 



2{N+ - 2)Ct + 2N^C0 + 7^[16 - 2K 



w 



2'K'^d^ 



96' 

2 



a 



2(iV+-2)C+ + 2iV_q + -[40 



2N^ 



(3.43) 



These expressions are only valid at the minimum of the one-loop effective potential (13.381) : it 
is implied by the subscripts in the left hand side in (13.431) . From the expressions of (I3.43p . it 
is expected that the ratio between the mass corrections to the SB Higgs h and non-SB Higgs 
H takes order one values. As argued previously, to obtain a phenomenologically viable Higgs 
mass spectrum, the one-loop mass correction to the SB Higgs should not be suppressed more 
than the weak scale. Thus, we expect that the correction to the tree-massive Higgs H is not 
negligible compared to the tree-level mass, as discussed in Section [21 

Let us study the mass corrections to Higgs scalars with the dynamically determined VEV 
of the flat direction a. The flat limit potential is obtained by the substitution hu = hd ^ 
Vh/V2 = a/{2g,L) in (JSJEI): 

^flat(«) = V^{K,hd) 

hu=ha^a/{2gcL) 

If one fix the parameters f3, and A^_, then the value of a at the minimum of the fiat limit 
potential is dynamically determined; we denote the value as ao- A non-trivial value of ao leads 
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Figure 2: The one-loop Higgs potential along the flat direction \4iat as the function of a, 
where we take particular normalization of the potential. The left figure shows the case with 
(A^+, iV_) = (10, 15) and /3 ~ 0.211 and the right one shows the case with (A^+, A^_) = (30, 45) 
and /3 ~ 0.263. The potential is minimized with cto = 6.71 x 10~^ and a = 6.01 x 10~^ for 
the left and right cases, respectively. 

to spontaneous breaking of the residual U{1) gauge symmetry. Since the approximation used 
to derive fl3.38p is only valid for ao <^ /3 < 1, we consider such the minima in the analyses. 

It is known that a suppressed value of is obtained when the coefficient of the 
term takes a small negative value and of the term is a positive value in the flat limit 
potential [TH |17]. From fl3.32p . one can see that the contributions to the quadratic term 
from the vector multiplet is positive. In addition, from (13.36^ and flg. [1], the contribution 
from rju = +1 {rju = —1) hypermultiplets is realized as negative (positive). Thus, rju = +1 
hypermultiplets play the role to decrease the coefficient; for A^_|_ > 3, the coefficient can be 
negative. Moreover, using the positive contributions from rju = —1 hypermultiplets, one can 
obtain a small negative coefficient in the present case. 

In order to increase the one-loop mass correction to the SB Higgs, a large positive coeffi- 
cient of the term in fl3.4ip is preferred. The correction to the coefficient from the vector 
multiplet is negative and from rju = +1 {rju = —1) hypermultiplets is positive (negative 
small). To obtain a positive value, one must introduce relatively large number of t]u = +1 
hypermultiplets since contribution to the term from a hypermultiplet in the fundamental 
representation is suppressed by the factor of 1/2^ compared to one from the vector multiplet. 
For the case with A^_|_ > 9, the coefficient takes a positive value and can be enhanced by the 
logarithmic factors in fl3.4ip for ao -C /3 [TT] . 

As the explicit examples, we show the cases with (A^+,A^_) = (10,15) and {N^,N^) = 
(30,45). The number of bulk fields seems to be rather large; note that if one introduces 
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Figure 3: The values of 5m\/ {glM^l) (solid) and drnf^Q / {glM^^) (dashed) as the functions of 
a. The left figure shows the case with (A^+, A^_) = (10, 15) and j3 ~ 0.211 and the right one 
shows the case with (A^+, A^_) = (30, 45) and (3 ~ 0.263. For the illustrative purpose, we draw 
both the solid and dashed lines in each figure: at the minima of the potential, solid and dashed 
lines indicate the same values. We obtain 5m\/ {glM"^) = 0.133 and 6m1/ (g'^M^) = 1.32 for 
the left and right cases, respectively. 

hypermultiplets in the adjoint (or larger) representation, then a few pieces of bulk fields are 
sufficient to obtain enough heavy Higgs fields [HI [T7|. While we don't address the issues 
in the present analyses, introduction of the large representations is straightforward. The 
typical behavior of the potential is shown as the function of a in fig. [2l where we take 
particular normalization for the overall scale of the potential. From the figures, one can see 
that ao <^ /3 ^ 1 is actually realized; hence, the approximation used to derive the effective 
potential is valid around the minima. The numerical evaluation indicates that = 6.71 x 10~^ 
and tto = 6.01 x 10"^ for the cases with {N+,N^) = (10,15) and {N+,N_) = (30,45), 
respectively. The residual U{1) gauge symmetry is broken for both cases. 

In fig. [3l the mass corrections to SB Higgs field h are shown as the function of a. The solid 
and dashed lines correspond to 6m\/ (g'^M^) and 6m\Q/{glM^), respectively. For the illus- 
trative purpose, we draw both the lines in each figure: at the minima of the potential, both the 
lines indicate same values. We obtain 6ml/{g^M^) = 0.133 and 6ml/{glM^) = 1.32 for the 
cases with (A^+, A^-) = (10, 15) and (A^+, A^-) = (30, 45) at the minima, respectively. As men- 
tioned before, the values of the corrections are straightforwardly increased by incorporating 
more bulk fields and/or large representations [TUl [TT| [T7]. 

Finally, we show the mass correction to non-SB Higgs H. We observe that a-dependence 
of the mass correction to H is not so different from the case of the SB Higgs h. For comparison 
between the mass corrections to h and H, we present the ratio between the corrections in 
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Figure 4: The values of 5rn?^/5m\ (solid) and Stti^q/ SuiIq (dashed) as the functions of a. 
The left figure shows the case with (A^+,A^_) = (10,15) and (3 ~ 0.211 and the right one 
shows the case with (iV+, A^_) = (30,45) and P ~ 0.263. As in fig. [3l solid and dashed lines 
indicate same values at the minima of the potential; we obtain dmjj/Sml = 0.429 and for 
5m\/5m\ = 0.343 the left and right cases, respectively. 



fig. m the solid and dashed lines correspond to 5m'\j/5m\ and 5m|^Q/5m^Q, respectively. At 
the point where 5m\ goes to zero, Smfj/Sml is strongly enhanced. For a small value of a, 
5m\ and/or 5m\ become negative; thus, the solid lines in each figure are disconnected as 
the functions of a. The solid and dashed lines are crossed at the minima of the potential; 
we find Smj^/Sml = 0.429 and Smjj/Sml = 0.343 for the cases with {N+,N^) = (10,15) 
and {N^,N_) = (30,45) at the minima, respectively. There is no tachyonic mode in the 
physical Higgs spectrum; hence, local stability of the minima is confirmed. The one-loop 
mass correction to the tree-massive mode is not so suppressed rather than the tree-level 
value. The loop correction thus brings important effects not only on the tree-massless Higgs 
scalars, but also on the tree-massive Higgs scalar, as expected. 

4 Summary and perspective 

In this paper, we considered the 5D SU (2) SUSY model. The model leads to the vector-like 
pair of Higgs scalars at low energy. We explicitly analyzed the one-loop corrected multi-Higgs 
mass spectrum based on the useful approximation scheme for the effective potential including 
all the Higgs backgrounds. We focused on the mass correction for the non-SB (tree-massive) 
Higgs and found that both the tree-massless and massive Higgs scalars obtain the finite mass 
collections of similar size from the loop effects. 

The results in the analyses implies that the one-loop mass corrections are important not 
only for the tree-massless modes but also for the massive modes in several realistic models. For 
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example, in the 5D SU{3)c x SU{3)]y SUSY model [TO], two-Higgs doublets appear at a low- 
energy regime. After the electroweak symmetry breaking, physical Higgs spectrum consists 
of two CP-even Higgs scalars h and H, a CP-odd Higgs scalar A and a charged Higgs scalar 
H^. At the tree- level, some of them become massive; the one- loop corrections to their masses 
are expected to bring important effects. It is known that the two Higgs doublets are also 
predicted in the minimal supersymmetric standard model [31]. Except for soft SUSY breaking 
contributions, both models have similar structure of tree-level Higgs potential, namely the 
supersymmetric D-term potential. Since the quantum corrections are expected to play the 
important role to raise Higgs masses in both models, comparison between the Higgs spectra 
is interesting. In 6D setup, it is also known to appear two Higgs doublets, and the similar 
Higgs contents to the above models are expected. We expect again that the one-loop effects 
modify the multi-Higgs mass spectrum. It is important to estimate the quantum corrections 
for the Higgs masses in view of high-energy experiments. 

Moreover, it is an interesting subject to give detailed study of vacuum structure in the 
above models. In general, minima deviated from the flat directions of tree-level potential 
may be generated through the radiative corrections, while such minima are not found in our 
analyses. At the fiat direction of the tree-level potential, the ratio between VEVs of the two 
Higgs doublets, so-called tan/3, is equal to one. However, if vacua are shifted to non-flat 
directions through radiative corrections, then tan (3 ^ 1 is realized in the models. The Higgs 
mass spectra may be significantly changed by the shift of the vacua. 

In addition, the perturbative calculation of the effective potential developed in this paper 
is useful for examining the 6D case; approximate behavior of the effective potential for a small 
VEV of the SB Higgs, which is not clear even in the flat limit calculation, can be revealed 
with the perturbative expansion of the potential. The examination of the above subjects are 
left to our future studies |32j . 
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A Background dependent operators 



Here we summarize the operators appearing in the functional determinants (13.271) and fl3.34p . 
Note that in the determinants, using unitary transformations, one can freely change the basis 
of the operators in the representation space. Thus, the following sets of the forms are realized 
in a particular basis. For the contributions from vector multiplet in fl3.27l) . the operators are 
written as follows: 



Ao(4"^) = Ao(g(")) = [□ + ■ l3x3, = = {n/R) 



,f3 + n 



Ao(A('^)) = P + (^n-l3x3, mi") = (/5 + n)/i?, 



R 



Ai(4")) = Ai(Q 



n„ + n*^' 

Ai(A(")) = V2g\ Q K + Ud 

Jii + nd nu + n*a 



A2(4°)) = 2/(|n„p + Kp), 

A2(4")) = / 2n,< + 

V 2(|n„|2 + |nrf|2) 

'3|n„P - Iridp 2n„n* 

g"" \ 2nrf< 3|nd|2 - |n„|2 

2(|n„|2 + |ndP) 

n^n^ 

A2(A(")) = 2^72 I |n,|2 

|n„|2 + |nd|2^ 

For the contributions from hypermultiplets in fl3.34p . the operators are written as follows: 



Ar 



/ (n 



Anfc^L" 



) = [□ + (^r]-l2x2, mj;) = (/3 + n)/i? 



,/? + n- 1/2, 



P + ' ■ l2x2, = iP + n- 1/2)/ R, 



Ao(V^(°)) = □, 
Ao(^f' 



p + (n/i?)^]-l2x2, mj;) = n/R, 



P + (^)Vl. 



)'] • l2x2, m^:! = - l/2)/i?. 
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9 



riu + n*^ 
K + Ud 



A2(<1) = /|n.-'^ 



n„M 



|2 



\nd\ 

B Loop integrals with K-K mode summation 

When one evaluates the functional determinant with the perturbative expansion fl3.2ip . loop 
integrals with K-K mode summation appear. Here the evaluations of the integrals and sum- 
mations are summarized. 

At first, we introduce the functions, which include 4D loop integral and K-K mode sum- 
mation, as 



n=—oo 



where is Wick- rotated momentum. A dimensionless parameter /i is introduced in the 
propagator to regulate IR divergences if any, and we take a limit after the integration. 

For the calculation of the determinant up to 0{{gnu4Y)-, one needs C[i,o,7]; C[2,i,7], C[2,o,7]) 
C[3^i^^] and C[4,2,7]; we consider only them here. Among them, C[i,o,7] aiid C[2,i,7] suffers UV 
divergences from the loop integral, and C[3,i,7] and C[4,2,7] suffer IR divergences only. Both the 
divergences are involved in C[2,o,7]- In addition, infinite summation of the K-K modes also 
bring the divergence. As shown below, the singularity arising from the summation is realized 
as UV divergence in view of 5D theory. Thus, one should evaluate all the functions with a 
suitable regularization both of the UV and IR singularities, even if 4D loop integral does not 
have UV divergence. Using the dimensional regularization, we evaluate UV divergences as 

(2vr)4 [pI + A]- J {2ixY [p| + A]- 

ji^4-d poo 



(47r)^/2r(x) 



POO 



where d — 4 is implied in the expression. We introduce the renormalization scale M^g in 
order to keep the integral having mass dimension 4 — 2a;. 
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To carry out the summation in (IB. ID . we use the Poisson resummation formulae: 

OO OO „oo 

E /((^ + ^)) = 5^ e^'^^W dpf{p)e''^^P^. (B.3) 

, ^„ . J —OO 



uj=—oo 



Then, in the summation over w, only w = term has local divergence and w ^ terms are 
regarded as non-local effects, namely UV finite. Hence, we divide C[x,m,"/] into two parts as 

/ _ /("'=0) 1 /(WT^O) /-p A\ 

where Cf^Jm 7] w = term in the summation and Cf^Jm 7] other terms. The 

locally divergent terms are listed as follows: 

^[1,0,7] ~ -^1' ^[2,1,7] ~ 2 ' ~ ' ^[3:1.7] ~ 4 ' ^[4,2,7] ~ g ' y^-'^) 

where 

= 27ri?My''+') lim / -f^^^^ . (B.6) 

One can observe that the divergences arising from 4D loop integral and K-K mode summation 
are written by the 5D Lorentz invariant forms. The other non-local UV finite effects are 
involved in w ^ terms, and violate 5D Lorentz invariance. 

While w terms are UV finite, some of them involve IR divergences, as argued. For 
C[iQ^^ and C[2i^]^ there is no worse IR behavior and the integrals can be naively evaluated 
with /i = 0. Then we observe 



i:{w^0) _ Uw^o) _ o -^^'J^ cosi^z7ra77j 

''[1,0,7] ~ ^[2,1,7] ~^647r5i?3Z^ y;3 ■ y^-') 

w=l 

For the others, one should carefully evaluate the following integrals with non-zero fi and 7: 



^ ^ ' w=l 

n 

M-o 2 • r(3) ■ {Air) 



w=l 

^2^ r>\2 , 



/■OO 

Jo 

M-^^o 8 ■ r(4) ■ (47r)2 



w=l 

POO 

X / dt [{2nwR)H-''/^-' - 12(27r^i?)2t-3/2-i ^ 12^1/2-1] ^-^,/Rft^.^^^R)yt^ 
Jo 
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where d ^ A are taken since they have no UV divergences due to the exponential factors 
including 7^ 0. Here UV limit corresponds to t — in each t-integral. On the other hand, 
IR limit corresponds to t — 00 and is suitably regularized by non-zero /i. After the loop 
integral, appropriate limit should be taken for /i and 7. The results are listed for the case 
with 7 = and 7 7^ as 



^[2,0,77^0] 
^[3,1,77^0] 
''[4,2,77^0] 



-2^^1n[4sin2(7r7)] + 0(/i), 



2,0,0] 



-2.^^1n[(27r/i)2] + 0(/i), 



^[3,1,0] 
^[4,2,0] 



2ttR 



1 27rR 



3 GAtt^R 



{B.ll] 



where /i — is understood. Note that ([200] iiicludes log(/x), which increases with /i ^ 0. 
In the calculation of the effective potential, this /^-dependence would be canceled out by the 
other IR divergence. In our example of the calculation in Section [3l IR divergences are also 
involved in the resummation of the zero- mode contributions in fl3.28p . Both the IR divergences 
in Cp^ifo/ ^^'^ resummation are canceled out in the one-loop contribution; hence, the 

effective potential does not depend on the artificial parameter fi. 
Finally we define the functions: 

1 



2nR 



C[x,m,0] C[x,m,l3] 



:b.i2) 



which appears when contributions from bosonic and fermionic fluctuations are summed in 
SUSY theories. In the functions, all the UV divergences are canceled out, and thus there are 
only the UV finite terms. For a finite value of /5 7^ 0, they are given as follows: 



1 



[1,0,(3] 



:2,i,/3] 



647r5i?3 
1 

~647r5/?3 



00 

E 

10 = 1 



4 sin^(7ri(7/5) 



4sin^( 



[2,0,13] 



In 



[3,l,/3] 



1 

~64^' 
1 



4sinV/3) 
(27r/i)2 



(B.13) 



[4,2,/3] 



3 ■ 647r3i?' 

where /i — > is understood. For evaluation of the contributions from rju = fields, it is 
useful to define the function as 

1 



x,m,(3] 



2'kR L 



C[x,m,-l/2] — C[x,m,/3-l/2] 



:b.i4) 
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It can be estimated as 



^ 1 ^ 4{-ir sin'iirwP) 

w=l 

2 



and ^l^^i^p] - ^'[4,2,13] - 0- 
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